We investigate the holographic description of CFTs defined on the cylinder and on AdS, which include an operator saturating the unitarity bound. The standard Klein-Gordon field with the corresponding mass and boundary conditions on global AdS d+1 and on an AdS d+1 geometry with AdS d conformal boundary contains ghosts. We identify a limit in which the singleton field theory is obtained from the bulk theory with standard renormalized inner product, showing that a unitary bulk theory corresponding to an operator which saturates the unitarity bound can be formulated and that this yields a free field on the boundary. The normalizability issues found for the standard Klein-Gordon field on the geometry with AdS d conformal boundary are avoided for the singleton theory, which offers interesting prospects for multi-layered AdS/CFT.
I. INTRODUCTION
The AdS/CFT correspondence [1] [2] [3] relates a (d + 1)-dimensional gravity theory with asymptotically anti-de Sitter (AdS) boundary conditions to a d-dimensional conformal field theory (CFT) on the boundary. Besides the common example involving global AdS d+1 and a CFT on the cylinder, the case where the boundary theory is itself defined on AdS d is of particular interest. It not only provides a window to strongly-coupled curved-space quantum field theory, but also offers the possibility of multilayered AdS/CFT dualities. String-theory configurations with branes ending on branes providing a dual description of CFTs on AdS have been discussed in [4] . The reflection of CFT unitarity properties in the dual bulk description has been investigated for global AdS and CFTs on the cylinder in [5] , and for an AdS d+1 geometry with AdS d conformal boundary, where the CFT is defined, in [6] . As found there, for a Klein-Gordon field with mass and boundary conditions such that the dual operator violates the unitarity bound [7] [8] [9] , the bulk theory contains ghosts. The case where the dual operator saturates the unitarity bound is of particular interest, as fields with that mass frequently appear in supergravity spectra on geometries relevant for AdS/CFT, see e.g. [10] . As found in [5, 6] the standard Klein-Gordon field contains ghosts in that case, although a unitary representation of the conformal group is expected to exist. In this work we are interested in that particular case, for which the singleton field theory turns out to play a crucial role.
The singleton [11] [12] [13] [14] [15] is a particular representation of the isometry group SO(2,d) of AdS d+1 . The maximal compact subgroup is SO(2)⊗SO(d) and representations D(E, j) are characterized by an energy E (the lowest weight of SO (2) ) and a set of SO(d) quantum numbers j. The scalar singleton is realized as an indecomposable representation D(d/2 − 1, 0) → D(d/2 + 1, 0) for d > 2 (see [16] for AdS 3 ) and the structure can be extended to a Gupta-Bleuler triple of scalar → physical → gauge modes as [12, 17, 18] 
Among the remarkable properties of this representation is that it allows for the construction of a gauge theory for a scalar field with mass
Its role in AdS/CFT has been emphasized and discussed in [19, 20] .
The particular inner product used for the singleton field theory was obtained in [12] as the limit ν → 1 of the non-renormalized inner product of solutions to the Klein-Gordon equation with generic ν < 1. Taking into account the contribution of the holographic counterterms to the inner product [21] we identify an alternative limit yielding the singleton theory for fixed ν = 1. This allows for a direct application of the standard AdS/CFT dictionary, showing that the unitary singleton describes a free field on the boundary -as expected for a field saturating the CFT unitarity bound.
We then turn to the holographic description of CFTs which are itself defined on AdS d . A geometry for a holographic description of such CFTs is constructed as a quotient of AdS d+1 sliced by AdS d hypersurfaces, such that the conformal boundary is a single copy of AdS d [22] . There is an additional subtlety if Neumann boundary conditions are chosen on the boundary of the AdS d hypersurfaces [6] , resulting in a breaking of the bulk isometries or unitarity. We discuss the singleton on the AdS d slicing of AdS d+1 , yielding also for that case a unitary bulk theory for ν = 1. Furthermore, we find that the normalizability issues for Neumann boundary conditions on the boundary of AdS d are avoided. Implications for multi-layered AdS/CFT dualities are discussed briefly.
The paper is organized as follows. In Sec. II we derive the singleton theory on global AdS d+1 from the KleinGordon field with renormalized inner product and discuss its role for the unitarity bound. In Sec. III we perform the same construction on the geometry with AdS d conformal boundary and discuss the normalizability issues arXiv:1204.2054v1 [hep-th] 10 Apr 2012 found previously for the standard Klein-Gordon field. We conclude and comment on prospects for multi-layered AdS/CFT in Sec. IV.
II. THE SINGLETON ON AdS d+1 IN GLOBAL COORDINATES
To fix notation we recapitulate in this section the standard construction of the singleton on AdS in global coordinates [12, 13] . We also offer a new perspective on the choice of the inner product in the light of [21] . We choose global coordinates (z, τ, Ω d−1 ) on AdS d+1 such that the line element reads
and consider a Klein-Gordon field with mass m 2 l 2 = −d 2 /4 + ν 2 and action
Our focus here is on the case ν = 1. The standard inner product associated to (3) reads
where Σ is a spacelike hypersurface with unit normal vector field n µ ∂ µ . To solve the field equations we employ the ansatz
where Y L are the spherical harmonics on S d−1 satisfying
The resulting equation for the radial modes f (z) can be written as Sturm-Liouville problem
where
Choosing for Σ a surface of constant τ we find
where the Sturm-Liouville inner product is given by
Using partial integration and (6) yields
which is to be understood in the distributional sense. The two independent sets of solutions to (6) are
where a = d/2 + L, and a second set which is f L→2−d−L for odd d and a combination involving explicit logarithms for even d [23] . Demanding the solutions to be regular at the origin z = π/2 selects the modes (10) . For the singleton theory, instead of deriving the frequency spectrum from a vanishing-flux boundary condition, one imposes [13] 
The n ≥ 1 modes are the standard Dirichlet solutions, i.e. they are O(z d/2+1 ) in the boundary limit. They form the representation D(d/2 + 1) with lowest-weight state given by the n = 1 mode with ω = d/2 + 1. Adding the n = 0 solutions yields the representation
and is not normalizable with respect to (4) . Following [12, 13] we replace the radial part of the inner product by
where the f i on the right hand side are the modes f of (10) for generic ν < 1. Evaluating this inner product yields
i.e. except for the n = 0 mode which is of positive norm, all other modes are of norm zero, i.e. pure gauge. The singleton representation is induced on the quotient space obtained by identifying in the space spanned by the n ≥ 0 solutions those which differ only by n ≥ 1 modes. It has only a single (E, j) trajectory, hence the name.
A. Relation to the Renormalized Inner Product
As discussed in detail in [21] the contribution of the holographic counterterms is crucial for dealing with the divergences in the symplectic structure and inner product. We now discuss the singleton representation from that perspective. The action (3) reduces on shell to a boundary term S on−shell = 1 2 z=0 φ √ g zz ∂ z φ which is divergent for ν ≥ 1. We suppress the standard volume form constructed from the (induced) metric from here on. For ν = 1 S on−shell contains a logarithmic divergence and is rendered finite by regularizing the geometry with a cut-off z ≥ and adding boundary terms at z = . The renormalized action is S ren := S + S ct with
Note that we have included, with an arbitrary coefficient κ, a boundary term which is compatible with all symmetries and finite for ν = 1. With the asymptotic expansion of φ given by
the variation of the renormalized action reads
. (16) The boundary conditions for a stationary action are therefore either the Dirichlet condition δφ (0) = 0 or the Neumann condition
The inner product associated to the renormalized action takes a form similar to (7) . The contribution of the counterterms to the inner product can be absorbed into a renormalized Sturm-Liouville product, which then reads
We now consider a particular limit which yields the frequency quantization (11) and the inner product (13) such that we obtain the singleton. To this end we rescale the field as φ → φ = κ −1/2 φ and perform a limit κ → ∞. We consider the family of theories for κ ∈ R + . The variation of the action reads
.
The bulk part has to vanish for any finite κ and so the bulk field equation also applies as we consider the limit κ → ∞. However, had we included interaction terms in (3) they would become negligible with respect to the quadratic part. The field rescaling ensures that we get a finite on-shell action. In the boundary part of the variation the κ −1 -terms become negligible with respect to the remaining term, so the variation reduces to
The Neumann boundary condition (17) thus becomes
we then have to solve f (1) = 0. For the modes (10) with ν = 1 we have
which yields the frequency quantization (11) upon demanding the Γ-functions in the denominator to have a pole. Note that (11) can thus be understood as solving vanishing-flux boundary conditions for the renormalized symplectic structure, see Section 2 of [21] . For the inner product we find
With the notatioñ f n := f ω=(d−2)/2+L+2n we find for the radial part
where n, m > 0 and B(x, y) is the Euler beta function. Clearly, in the limit κ → ∞ only f 0 ,f 0 κ is nonvanishing and in fact positive, such that we recover (13) up to an overall factor. This can also be understood from a scaling argument as follows. We argued above that the action does not simply reduce to the boundary terms for κ → ∞, as the bulk field equation applies for any finite κ while the boundary terms merely affect the boundary conditions. However, the inner product associated to the renormalized action is just the sum of the bulk part (4) and the boundary contributions derived from (14) . Thus, it indeed reduces to the boundary part arising from the term proportional to κ as we take the limit κ → ∞ with the corresponding field rescaling. This remaining part now vanishes for the n > 0 modes as they satisfy the standard Dirichlet boundary condition.
B. AdS/CFT at the unitarity bound
Realizing the singleton as discussed in the previous section allows for a direct interpretation in the AdS/CFT context. Fluctuations of a scalar with Neumann boundary condition correspond to a deformation of the dual CFT by an operator O with scaling dimension d/2 − ν [24, 25] . Performing the Legendre transform
we find
and the on-shell action becomes a functional of the Neumann boundary data 2φ (2) +(1−2κ)φ (1) . For κ → ∞ with the field rescaling φ → φ = κ −1/2 φ discussed above, we find δS N ren = EOM + z= 2φ (0) δφ (1) . Following the familiar AdS/CFT identification of bulk partition function and the generating functional for boundary correlation functions, functional differentiation of S N ren with respect to φ (1) yields the connected correlation functions of the dual operator O of the CFT. We find
for a generic asymptotically-AdS metric of the form r −2 (dr ⊗ dr − g). The n-point functions with n ≥ 3 vanish unless interactions of the bulk scalar are included. However, for the singleton there are no gauge-invariant bulk interactions as the field is gauge-equivalent to zero in any compact region, so the higher correlation functions vanish. This is characteristic of (generalized) free fields and the singleton therefore yields the dual description of a free field on the boundary, consistent with the fact that this is the only way of realizing a unitary representation of the conformal group for ∆ = d/2 − 1.
III. THE SINGLETON ON THE AdS d SLICING OF AdS d+1
We now turn to the holographic description of CFTs defined on AdS d . A geometry for the dual description has been proposed in [22] and was discussed in the context of unitarity from the holographic perspective in [6] . As shown there, the standard Klein-Gordon theory yields ghosts for ν ≥ 1 and the renormalization turns out to be nontrivial if Neumann boundary conditions are chosen at the boundary of AdS d . We come back to that issue at the end of the section.
A. The geometry
To obtain the slicing of AdS d+1 with curvature radius L by AdS d hypersurfaces with curvature radius l we start from global coordinates in which the line element is
Parametrizing dΩ
, the AdS d slicing is obtained by the coordinate transformation (ρ, ζ, t) → (R, z, τ ) with t = Lτ and
The resulting line element reads
where ds
. As the domain for the sine in (28b) is either ζ ∈ [0, π/2) or ζ ∈ (π/2, π], two patches are needed to cover the full AdS d+1 . The result is a geometry with conformal boundary consisting of two copies of AdS d , see Fig. 1(a) . A geometry with a single AdS d conformal boundary is obtained by taking a Z 2 quotient identifying the two patches. This implies that we have to choose a definite Z 2 parity for the Klein-Gordon field, which imposes boundary conditions at R = 0.
The Poincaré disk representation of AdS d+1 sliced by AdS d hypersurfaces is shown in Fig. 1(a) . Horizontal/vertical curves correspond to constant z/R. The boundary consists of two copies of AdS d joined at their boundaries at z → 0. Fig. 1(b) shows the boundary of the regularized geometry.
As usual this geometry needs to be regularized to account for divergences in the on-shell action and inner products. This was done in [6] by imposing cut-offs on y := 2le −R/L and z, i.e. y ≥ 1 , z ≥ 2 . The resulting geometry with its boundary is illustrated in Fig. 1(b) . The renormalized action S ren := S + S ct was constructed in [6] for L = l = 1, which we fix henceforth, with the counterterms
The associated inner product reads
where ·, · ∂1M denotes the AdS d inner product evaluated at fixed y = 1 .
B. AdS/CFT AdS at the unitarity bound -the singleton
We now construct the singleton theory on this geometry analogously to the construction in Section II A. Drop-ping terms which vanish upon imposing the field equations or Z 2 parity, the variation of S ren reads
where ∂∂M = ∂ 1 M ∩ ∂ 2 M and similar to (15)
Demanding the ∂ 1 M boundary term to vanish imposes boundary conditions on f and we choose the Neumann condition
As discussed in detail in [6] the Klein-Gordon equation is conveniently solved by a separation ansatz φ = ϕf where ϕ satisfies an AdS d Klein-Gordon equation with mass
The independent solutions to the radial part are
where i = 1, 2 , u = tanh(R) and c 1 = 3/4, c 2 = 5/4. f 1 and f 2 have even and odd Z 2 parity, respectively. Rescaling φ → φ = κ −1/2 φ and considering the limit κ → ∞ the ∂ 1 M term of the variation (32) becomes 1) and the boundary condition (34) becomes φ (1) = 0, demanding the log-term in the expansion of f i (y) around y = 0 to vanish. This yields the spectrum of µ for which we find µ = 1/2 and µ = 2(c i + n) with n ∈ N ∪ {0}. Solutions corresponding to the latter choice of µ are subdominant in the boundary limit.
For the solutions constructed by means of our separation ansatz we find
where ϕ 1 , ϕ 2 is the standard AdS d inner product and f 1 , f 2 κ = κ −1 f 1 , f 2 ren . Withκ = κ + log 2 the renormalized Sturm-Liouville inner product with the counterterm contributions from (30) is given by
Clearly, for κ → ∞ only ||f i || 2 κ is non-vanishing and in fact positive. Thus, in that limit all the subdominant modesf n i become pure gauge while the dominantf i remains physical, and we obtain the singleton field on the geometry with AdS on the boundary. The choice of Z 2 parity has little effect -it only alters the spectrum of gauge modes and the form of the radial profile of the physical µ = 1/2 mode close to the Z 2 -fixed hypersurface at R = 0.
In [6] it was shown that pushing the bulk scalar on the geometry considered here beyond the unitarity bound yields ghosts in the spectrum. Likewise, ghosts were also found for the standard Klein-Gordon field with mass such that the dual operator saturates the unitarity bound, although in that case a unitary representation is expected to exist. The discussion of the correlation functions of the dual CFT obtained from the singleton theory in Section II B immediately applies to the singleton theory on the geometry considered in this section. Thus, the singleton yields the unitary bulk dual of a boundary free field also for the dual CFT defined on AdS d , completing the discussion in [6] . Furthermore, it offers a way to avoid the issues with normalizability found there for Neumann boundary conditions along z, as we discuss in more detail now.
C. Renormalization and Neumann d boundary conditions
The normalizability issues found in [6] for Neumann boundary conditions at z = 0 ('Neumann d ') for the standard Klein-Gordon field arise for any choice of the bulk mass and are rooted in the AdS d factor of the inner product φ 1 , φ 2 = ϕ 1 , ϕ 2 f 1 , f 2 . Depending on the renormalization it either fails to be finite on the full solution space or becomes indefinite for Neumann boundary conditions along z. The result is either a drastic truncation of the spectrum of AdS d modes such that the bulk field fails to carry a representation of the AdS isometries, or the appearance of ghosts such that it fails to carry a unitary one. More precisely, the solutions we constructed by means of the separation ansatz φ = ϕf comprise an infinite series of AdS d modes corresponding to µ = 1/2 and µ = 2(c i + n) with the associated radial modes. The AdS d factor ϕ 1 , ϕ 2 of the inner product is divergent for the µ 2 ≥ 1 solutions, leaving only a drastically reduced set of normalizable modes. On the other hand, rendering that part of the inner product finite by adding counterterms on ∂ 2 M -if possible -would spoil positive definiteness of the inner product. The special structure of the singleton field theory automatically avoids these issues. In fact, since the radial part of the norm vanishes for all µ 2 > 1 modes, finiteness of the inner products as the cut-offs on y and z are removed does not require any additional counterterm contributions to the AdS d factor. For the physical µ = 1 2 mode the AdS d factor of the norm is positive and so is the radial part (38). We thus have a well-defined semidefinite inner product on the set of all modes also for Neumann boundary conditions along z and the drastic reduction of the spectrum of AdS d modes found in [6] is avoided. Although promoting the µ 2 > 1 modes to pure gauge in the κ → ∞ limit is in fact a similar reduction of the physical spectrum, this way of realizing the Neumann boundary condition is compatible with the symmetries and with unitarity.
IV. CONCLUSIONS
The unitarity properties of CFTs on the cylinder and on AdS have been investigated from the holographic perspective in [5, 6] . As found there, the standard KleinGordon field yields ghosts in the bulk for mass and boundary condition such that the dual operator saturates the unitarity bound, although a unitary representation of the conformal group exists. In this work we have obtained the singleton field theory as a particular limit of the Klein-Gordon field with standard renormalized inner product, which allows for a direct AdS/CFT interpretation showing that it provides the dual description of a free field saturating the unitarity bound. This extends the thorough discussion of unitarity from the holographic perspective for global AdS in [5] to the case where the unitarity bound is saturated.
We then formulated the singleton field theory on the geometry with AdS d on the conformal boundary of AdS d+1 , extending the discussion of unitarity in [6] accordingly. Remarkably, the singleton field on the AdS d slicing of AdS d+1 does not suffer from the normalizability issues found for Neumann d boundary conditions in [6] . This offers interesting prospects for multi-layered AdS/CFT dualities. These were speculated to be possible for AdS on the boundary already in [21] and were also discussed in [6] , where the normalizability issues for nested Neumann conditions were found to pose a challenge to explicit realizations. In a very concrete form, the possibility of iterated AdS/CFT appears for topologically gauged ABJM theory, which is obtained by coupling the N = 6 supersymmetric Chern-Simons theory [26] , which is understood as worldvolume theory of M2 branes and admits a dual description in terms of Mtheory on AdS 4 × S 7 /Z k , to conformal supergravity [27] . The resulting theory admits a Higgsing to a theory for D2 branes which has AdS 3 as a vacuum solution [28] , thus offering the possibility of nested AdS/CFT [29] . One may hope to obtain a chain of dualities relating M-theory on AdS 4 to the Higgsed topologically gauged ABJM, which itself is a gravitational theory on AdS 3 and may therefore have a CFT 2 dual. Remarkably, Chern-Simons theory can be formulated as a singleton theory [16] , and an explicit CFT 2 description has been discussed in [30, 31] . The same may also be possible for gravity [32] . Our discussion of the singleton on the geometry with AdS d boundary may therefore also be relevant for a concrete realization of multi-layered AdS/CFT.
